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This paper explains our approach co the problem of pattern 
recognition by serial computer . The rudimentary theory of 
vision presented here lie$ within the fra&ework of automata 
theory. Our goal is to classify the types of patterns that 
can be recognized by an automaton that scans a finite 
2-dimonsional tape. For example, we would like to know if 
an autoMton can decide whether or not a given pattern on a 
t&?& forois a connected region. 

This p^pct should be viewed as a Progress Report on work 
done to date. Our goal now is to generalize the theory 
presented here and make it applicable to a wide variety of 
pattern-recognizing machines. 
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1, The finite automata we consider are free to scan the tape horizontally 
and vertically. The cape itself is a finite square ruled horizontally and 
vertically into e-squares, i.e., squares of side length e. The bounding %-squares 
of the cape are marked with the special symbol B (border), whil* the interior squar* 
are marked with cither a (white) or 1 (black): 
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Example of a Tape 



Ail rows and columns except for Che border rows and columns are labeled 
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ar.d 



m' 



respectively. The automaton begins its 



&C£ft on square (r,, c.) and continues the scan until it either accepts or 
reacts the tape, or else cycles. The automaton is not allowed to fall off 
the tape. At each moment of time, the automaton scans exactly one square, 
&nd shifts its scan by one square north, east, south, or west, depending on 
i££ internal state and on the symbol that appears on the scanned square. The 
automaton can not write on its tape; it can only scan it. 
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rnially, a 2-dinensional auconwton is a system \Z - (S, f. 



•o 1 
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where S is a finite set, the set of states, f Is the "next state 11 function 
mapping S-{s. , s*} X (0, 1» B) into S. g is the "direction of motion" 
function rapping S-U^ * 2 > X {0, 1, B} into {N, E, S, W}. 
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3. is the initial state, s. Is the accepting state, and & is the rejecting 
state. We say that^i accepts a tape if, by starting if in state $ on the 
square <r. T c. ) , W eventually halts in state s. ; ^T rejects the tape if it 
halts in state s^. We say chat U!ean decide whether or not the pattern 

on a tape has property P if it accepts all tapes with the property P and 
rejects all tapes that are without it. 

Ex.: ,;plcs> The following properties of tapes are decidable by auco^ata: 

1. The tape contains precisely k l's. To decide whether a tape is of 
this kind, the automaton scans the tape and counts l*s- 

2. The rape is white except tor a single rectangle (i.e., the l's 

on the t&^c form a fillecl-in rectangle) with sides parallel to the sides 

of the t~:e. The automaton decides whether a tape has such a pattern on it 

by sc:nnift£ the columns of the tape one after the other, starting with c. 

and e;idi-ift with c . Kach time the automaton passes through a boundary of the 
til 

inscribe* rectangle, it checks the slope of the boundary at that point by 
scanning a neighborhood of the point: It makes sure that the slope is zero 
except when the scan is at the left or right edge of the rectangle. 
3* Tht tape contains a single square with sides parallel to the sides of 

the uape. Once the automaton has checked that the pattern is a rectangle, 
it can check whether or not it is a square by finding a vertex of the rectangle 
and chen scanning from that vertex at 45° to the vertical toward the other 
vertex. If the opposite vertex is reached, then the rectangle is a square* 
otherwise it is not* 

4. Ac least one of any number of pathwise-connected components on the tape 
is square: It is easy to see how the automaton can systematically check each 
or the individual components without cycling. Each of the components must be 
checked in such a way that if che component is not a square, then the automaton 
can recura to the point of entry into that component. 

A property that is not decidable by an automaton is whether a tape is 
*yznacrical about the cantral column. This f*ct can be proved by the methods used 
co prove theorem 1. 
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Mtoy jcoblcvis about finite automata that are easy to solve Ir. thu 
i-di"^naioaai case are impossible in the 2-diinensional case* For oxae^le, 
the itroblu whether a 1-dimer.sionai automaton accepts a tape is soivab-c 
by an effective al^orith^i, while the problem whether a 2-dlmenston^l 
automata:: accepts even a blank tape is recursively unsolvable. This follows 
imwaiataly froa the fact that a 2-counter automaton is universal (cf. Minsky 

): Hence, the x, y coordinates of the automaton on the 2- dimensional 
tape jerve in place of the counters. 

I; c;;o remainder of this paper, we use the word "automaton** to mean 
2-di.tenaional automaton. 

2. The theorem in this section provides an example of a problem that an 

automaton cannot solve. The proof of the theorem is particularly important 

bac^se it embodies an idea that reappears in the proofs cf several otae* 

theorene* This is the idea of two chunks of tape being indistinguishable 

Co the automaton. 

Dei .;ici.m . A chunk of tape is a borderless subsquare of the tape with 

so».e fixac pattern of O's and l*s on it. The length x of the side of the 

chente 1$ called the sicelensth of the chunk. Ve suppose that the squares 

feeing the boundary of a chunk are numbered x, t x^ f ■■■■ around the 

pori^eter of the tape* 

Daixuition , We say chat 2 chunks of equal sidelength are ^-equivalent 

If the following holes: Let x, be a;iy point on the boundary of a chunk, 

ane lac s. be any state of 4E . Suppose chat if K£ enters one of the 

chunks at x. and in state s., lc exics chat chunk at some point x. and 

in some state s ■ Then if Venters the other chunk at x and in state 

s, i it also exits that chunk at x, and in state s*. 
* 3 3 

Thus if 2 chunks are W -equivalent r we say vf cannot distinguish 

bafvaen the patterns on those chunks. Clearly » vC -equivalence is an 

eciilv£lence relation on chunks. 
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Ifaearem \ 4 Ifi general an automaton cannot decide whether a tape whG!,e 
sic. has oqq length has a 1 la its center square. 

^roo * Wc SfifiuOA that an automaton, W , can make this decision, tfe 
also suppose, without loss of generality, that when it halts, it does so 
on square (r,,c,)< A chunk of tape of sidelength x has 4x squares along 
its perimeter, so for each entry into that chunk> an automaton with n 
stated cat: exit in one of 4xn ways, or else not exit at all; a total of 
4xn + 1 possibilities. Since an automaton has 4xn ways to enter a chunk, 
it follows that there are at most (4xn + 1) ™ ^-equivalence classes 
of chunks of sidelength x. Thus Kl can distinguish among at most this 
many chunks, Hovever, the total number of chunks of sidelength x is 2* 2 . 
Since 2 K > (4xn + 1) for x»n, it follows that there are at least 

2 d^r^ar^nc ^[-equivalent chunks. These 2 chunks differ, say, in square 
"sq". Construct two tapes to contain these chunks, and make the tapes 
sufficiently large so that the square sq appears in the center of both tapes: 
Kow notice thac^C cannot distinguish between these two tapes. Hence t[ 
camion decide whether the center of a square tape contains a 1 or a 0. QED 

The idea of a nondeterministic 1-dimensional automaton (cf. Rabin L Scott) 
ex^e,ids rucurally to that of a noadeterministic 2-dimensional automaton. 
Corollary 1 A nondeterainistic automaton is more powerful than a deterministic 
automaton. 

tx.*>2£ A nottdeteministic automaton can decide whether a square tape contains 

a 1 or a in its center square. It does this by initiating a scan froa 

(r m c,> along the diagonal to (r , c ). Whenever the automaton sees a 
i i :n a 

! along this diagonal, it may rcake a 90* left turn, and dovc toward the 

hor^jr, or continue along its way to (r , c >. If it can reach (r, , c ) 

mm 1 ai 

by asking the correct 90* turn, then the tdpe contains a 1 in its center 
squura. Otherwise the tape does not. 
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3. He extend the power of an automaton by giving it a finite number 
of Barkers, labeled m^, . .., a. At any moment the automaton may place 
a marker b^ on the particular square of the tape it is scanning, and at 
that moment any other occurrence of m on its tape instantly disappears. 
Wo call this marker an "abstract marker". Another kind of marker, also 
denoted by a p . . ■ f sl , is called the "physical marker": The physical 
marker is a kind of labeled pebble that an automaton roves about on the 
tape. To get the physical marker transferred from one position to another, 
the automaton must actually go to the marker and move it to its new 
position. 

Both abstract and physical markers may be stacked like poker chips 
on a single square. Actually, it is easy to prove chat they need not be: 
i.iecrcm 2_»_l it-marker automata that can place at most one marker on any 
c-square are just as powerful as k-marker automata that can stack any 
number of these markers on an e-square. 

Obviously, an automaton with k abstract markers can simulate one with 
k physical markers. The reverse is also true, as we shall see. In this 
paper, depending on the theorem we wish to prove, it is sometimes convenient 
to switch iron one type of nsrker to another. 

Theorem 2.2 An automaton with k abstract markers can be simulated by one 
with k physical markers. 

Proof Let ^denote the automaton with abstract markers, and let tP denote 
the automaton with physical markers. J* simulates JT by moving about on the 
tape, placing markers just as W would, (This is okay until 2f is required 
to place a marker than appears elsewhere.) 
During this simulation, !R remembers the marker, call it m. 



in : 
Sow when Wis required to put down a marker, a,, that has been placed 



that it last &av and th* state, call it s, , it was in when it last sew »., 
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eiscv;eri, y achieves this same result by che following roundabout .:.et.:*>s: 
y Eizsz locates r*i< by scanning the tape* * picks up m and carries it 

» it at&TiG for m^. When F finds a , it recalls what state it w*s in vhen 
iv last l<s£t nt.| ^ncars that state, and proceeds with the simulation. QED 

ita have sectioned that the markers are labeled 1 through k. Actually, 
this is unnecessary: 

-^-■■"'•--"-■- ■—'■■- \ : — automaton wi:)j n; t ; ,j! 3 i- t ,-i m.irWcr^ can simulate ortfl nith 
labeled iwrkurs. 

Thc aatouun does so by keeping trsck of the positions of the markers 
relative :c one another. 

An a-^ooiaton with 1 marker is more powerful than an automaton without: 
any marker*, for one thing, the autoraicon with a marker can decide whether 
the center square of a tape contains a 1 or a 0: The automaton starting at 
(r., z ) -ioves its marker along the diagonal toward (r » c )« Each time it 
moves its marker one ^ore square along c'»c diagonal, the automaton drops the 
marker and runs off at 90° to the diagonal looking for the tape square 
(r.» : ). rfhea It finds that square, the marker is on the center square, 
ana eo the automaton can cake its decision. 

'* ; ; .*:. r :.. 3 Automata with 2k + 4 markers, k£0, are more poverful than 
automata --jith k markers: There is a certain property P such that a 2k + 4 
^-rk,:r automaton can decide whether or not a tape has the property, but no 
k-£&r!ter automaton can cake this decision. 

Observe that it is possible to represent the state diagram of any 
;;-*;:/ t vjr automaton on a tape- This can be so formalized that a 0-marker 
tut &acon c&n decide whether or not a tape contains the representation of 
>. s k-aarker automaton. We suppose that such a .representation of automata 
bean formalized, and we let t(^P>) be the tape description of the 6cate 
cidviva of a;i automaton £ . We note the somewhat curious fact that any ^ 
may l>* required to decide about t(^)) , and that J? Dust accept, reject or 
eycxs on chat tape. 



Outline of a Proof Let "3J> be any k-iaarker automaton. Let P be the property: 

(1) The tape is of type t (ft). 

(2) The sidelength x of the tape is greater than the number, n t of states of £> 

(3) A ctotfi not accept this tape. 

4( i& a 2k + 4 marker automaton that accepts tapes with property T and 
rejects ail others* *t is described as follows: It uses marker a. to 

keep track of the state of £> us ^ scans t(3J). The aarker in* is used to 
keep track of the position of £ as % scans c{B>, The k aarkers in.,.,., a - 
are u$ed to reprcsenlyflk markers. The remaining k + 2 markers are used to 
cell whether or not p is cycling; these markers are used for counting the 
number of steps taken by ^ . They are started together on (r., c.), and 
they zx* zwved in such a way that, if if cycles, they eventually appear in 
all possible combinations of positions on the tape. In thi6 case, the 
markers c^n be made to end up together on (r , c ), and this is the only 
case in which they do. Thus if all the markers reach (r , c ), 31 concludes 
that # cycles on t(£) and so Jfaccepts t(^). 

On a tape of sidelength x, k + 2 markers can assume (x ) 
different positions. ; J is able to simulate up to (x )* moves 

of ^. fcwt^p has n states, so it can make at mosr (x ) • x * n 

2 ki-2 I k 

moves without cycling. For large x, (x ) > (x ) - x • n. Therefore 

there exists a tape t(^) of sufficiently large sidelength x such that 

V accepts- t{£) if and only if £ doe* not. -„ 
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4* Definition The pattern on a tope is the sec of all black squares that 
appear there. Two squares are adjacent if they share a coasfcon edge (not just 
a coraon vertex). The bomidarv of a pattern is the set of all black squares 
that &re adjacent co white squares. A pattern is connected if and only if 
any 2 black squares are Joined by a string of adjacent black squares* 

Although it seems certain that a 0-marker automaton cannot decide if a 
pattern is pathvise-connected, ve have no proof of this result. Or. the positive 
&id$ t we can prove 

Theoi ' Q-jft 4 A 1-izarker automaton, >i , can decide if a pattern Is pathwlse- 
connected. 

Leraa 1 Let K be a pathwise-connected pattern, and let p. t p ? be two 

boundary points of R. Suppose a curve joins p. and p ? without intersecting 
R at any other points. Then there exists a curve joining p. and p* that lies 
&r.ci?£ly an th& boundary of R. 

Definition He say that a column cuts a pattern in two if and only if a black 
square lies to the right of the colucn, and a black square lies to the left and 
no black square chat lies to the right is connected by a string of adjacent 
black squares to a black square that lies to the left of the column. Note that 
the cutting colutin may contain black squares. 

Ler.v.ia 2 A pattern R is pathwise- connected if and only If {1) No column cuts 

the pattern in two, i.nd (2) Any pair of boundary squares that lie in the sane 
coIubx and have only white squares lying between them are connected. 
Prcot o£ Theorem ?C checks conditions (1) and (2) of lemma 2; 

(1) vC scans the tape column by column from c, to c to decide whether 

a column cuts the pattern in two. If -U finds such a column, it announces 
that L\ is not connected. Otherwise, {(proceeds with (2). 

(2) Zt scans the columns from c. to c . Each c is scanned frctt (r. f c.) 
to (r , c ) t and this scanning is interrupted whenever *v£ , during 

its southward pavement within c , leaves R at some point (r. » c.) and 
re-enters it at some point <r , c.)» e >k. When this happens, {{leaves the 
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market at the ?oin: (r e , c^) where It re-emerec 1 R. Then, starting at that 

pcir.t. y travel* around the fcoundevy containing that uarkor. Ivcntuclly, 

oae of two things happens: (1) ^t find* itself at the paint (r t cj on 

the R-bouirtary directly above the marker. In ttis case, the poiat 

(t » C.) on which tha u-arUcr lie* ia connected to the point (r, T c ) &Vcvc 

it. In this case, ££ continues the vertical scanning interrupted above. 

(2) W returns to the narker without passing thiough the poiat (r, , O. 

In this co£C, w Know iroc, lctuui 1 that the pattern Is not pftthwise-connected. 

rf if scans the whole tape without finding that R is disconnected, it 
assounces that R is connected. qed 

CcL-ollary A l-i&arter automaton can decide vhettier a given pattern is sinply 
connected. 

Proof The idea is to have the automaton check that the pattern R and its 

complement are patwise-coanected. This is complicated by the fact that ft aay split 
the tape Into several disjoint C0ttpM*fltS. The details of what the 
attocaton nust do in this case are left to the reader. QED 

5. In chic section we study the problem of iec^im; uhother one rc^lcn 

is a translation of another. As a firs: example, we note that a 1-rcarker 
automaton can decide whether a square rcgiou is a translation of another. 
As wc ahalL set, hewever, a i-ad?k*f automaton cannot decide whether a 
s lap ly-c oraec t ed region is a translation of another. 

We extend our definition of V -equivalence to the case vhere If has 
physical markers » 

Definition We sAy that two chunks of equal sicelength are jX - e qu iy a len t 
if they are U -equivalent, where *C is gotten from the automaton ?T by 
UklAg awa/ the markers iron vf . (we realise that thi* definition is ratner 

in:onriil). 
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Theorem 5 Suppose that H , a 1-marker automaton, is presented with a 

tape that contains exactly two disjoint simply-connected regions. Then 3£ 

cannot decide whether one of these regions, R, f is a translation of che 

other, R^- 

De fir it ion The _pa t t e r n _on u a__chunk is the set of all black squares on 

that ciunk. 

Lemma The number of different simply* connected patterns that fit ia 

a sc^. # c of sidelength x is at least 2 ^* 2 , 

Proof of i.cMa The square on the ri&ht contains a simply-connected Pattern 

and (x-2) ■ ^ checkrnarked unit-squares. 

Any subset of these checknarked unit-squares 

taay be filled in, and the resulting Pattern 

will acili be simply-connected. The result 

follows. QED 




?roor ;>f .Morem 



Actually, we prove the somewhat stronger result chat 

given chat 



an automaton cannot decide whether R. Is a translation of ft 



R L U restricted to the left half (LH) of the tape vhil< 



R ? is restricted 



to eft* rljht half (RK). 

Ka assume to che contrary chat the aucomaton ^* can decide. We 
further assume without loss of generality that (1) & has a physical Q&rkcr, 
and (2) Kl ends up with the marker at the top of the central column in 
case it decides 'yes', but with the marker at the bottom of che central 
colusa in case it decides 'no 1 . 

*"ho icca of the proof is co show that there exist different simply- 
connected regions R, & R* s.t* H must carry its marker back and forth across 
tkti central column in the same way when both U( and EU1 contain R. as when 
LH contains R. and RH contains R^. 

Suppose the tape has sidelength I ■ Consider chunks of sidelength 
x * 1/2. These chunks cay contain any one of 2 simply-connected patterns. 

If Vi has n states, there are (4xn) *" W! -equivalent classes of chunks- 
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The Ueje$c such class has ai least y - .2- 2 different 

C^n) £21*) 



. fc ***i " 



W -equivalent sonpta* to**»ictfted fC jf* 

lo begin, yt suppose the cape has any one of these y regions In LK 
and aay one In Rti* We partition the y different W -equivalent simply-connected 
resioas which appear la LH Into ftt 4^-equiTalence classes; First note 
chat LI H is started with Its marker In LH, then 4C carries its rarker Into iUt 
In c;i^ of /n ways ( vt must carry :he marker across the- central colusn in order to 
decide whicb one of tHe y regions appears in Kit) . Now say any two 

** -equivalent regions are i£± 'equivalent provided chat, no matter 
which one of these particular 2 regions appears in LU (and no matter which 
of tha y H -equivalent rejions appears in RH), it carries its marker 
across the central column in the same way for both regions- 

Ac least on* of these ^-equivalence classes has y t * y/^n aeobers. 

Nov suppose the tape has any one of these y i regions in LH and anyone in RH. 
The argument continues now with Zt ' $ aarker being in RH. it nay move across 
the central coluan without its marker any number of times. However, H raust 
eventually carry the wrker across into LH if it is to distinguish waich of 
the y. (different tl -equivalent) simply-connected regions appears it LH»3Ican carry 
the marker across in one of *n-l ways. By the sams argument us above, at 
least y* ■ y /(Vi(/*-i)o£ these regions are 3I t - equivalent in the sense that 
no matter which sne of these y^ regions appears in &H (and no natter which 
of the y. regions appears in LH) the automaton moves its marker across the central 
column from RH to LH in the sane way* 

Continuing in this way, one finds that there are y/(£n)! regions which 
are SC,.- equivalent la th* sense that they are indistinguishable to an ii 
that carries its marker across the central colu~i\ at most (In)! times. 
But H cannot carry its marker across the central column more than (?n)! tiz.es 
without cycling. But y/(^n)! *i for ij^n. Hence^cannot decide if the 
region in Sit is really a translation of the one in LH. QED 

It is trlvi*! to show that a 2-sarkcr automaton can decide whether one 
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siaply- connected region is a translation of another. Hence we have 
Corollary 1 A 2-niark*:r auLo::;:uo^ i= ™jre powerful L".;,m -= l-rvM'ktr mit Linton, 

Ic is considerably more difficult to prove thac a 2-msrker 
automaton can decide whether an arbitrary pathvise-connected region is 
a translation of another. The following proof was suggested by Mr. Terry 
Seyar. It is a considerably simpler version of our original proof. 
Theorem 6 . Suppose a tape contains two disjoint pathwise-connected regions, 
R_ and R*. An automaton with two markers can decide whether or not R 
is a translation of R*. 



Proof We shall give a set of instructions for the autcciaton, and 

prove thpt these instructions do the Job- Here i$ a general outline; 
(L)-(3) Zi. puts m. on an outer boundary point, p , c£ R. » and 

^X puts m~ on an outer boundary point, p 9 of R » which 
is chosen so that if ^ = T(R 1 > , then p 2 - Tfa^, 
(4) y moves m, about the outer boundary of R and nu 

About the outer boundary of R and checks that those 
boundaries arc alike. 
(5)-(6) 3*C scans and compares the interiors of R. and R-» 

checking that these interiors are alike. 
This completes the proof. 

We fill in this outline now, because it is non-trivial to show 
that u can really do these things. 
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(1) A standard way for an aotooaton to find a point p. oa the outer boundary 

of a component R, is to have lc scan the tape columa by column, frora e, to e , 
* l m 

and scan *ach c. from <r, , O to (r , cj until it finds the first 
x xx mi 

shadoc squara, p . Koto that £f <*An aluayc find chic p no taattar whav- 
£T ^ay be, by going to (r, t c.) and scanning as above. To find a point 

of R_, <f scan* the tap* In t«vor;o £ron c to c. t scanning c, from 

(r > c.J Co (r. , c). If R^ - T (R-), then the point that XI finds aust be 

a points v>»^* R9* However » 4* m«y b« a point of R. if 3^ / T(R*)» Since w. Uv«» 

not k.:ow whecher R^ ■ T(R*) t ic puts a, on p., m ? on q ? and proceeds in 

<2) co check whoever o- c R-. 

(2) U checks whether <u £ R. by scanning around the boundary that 
COBEtlo* m-' 1J- W find* m. then <j- c R-. If W returns to »« Without 
fiftdir*g h l Chen q 2 e R 2 - If q- c R., 1£ answers that R. !* T(R_), If 

q- £ R, 3C proceeds as in (3). 

(3) # finds the point p* t R* t ' iac corresponds co p. c R. in the sense thxt 
if R^ - T(R.), than ?- - T(p.). To do tills, 2£ finds the easternmost point 
of & 2 , and if there are several such points, it finds the northernmost one 
Sfto&g that;. This point is p.. (We have omitted some detail of how 21 does 
ttils; It finds the point p^ t R 2 ky placing both a. and nu on the outer 
ooundary of R* f aad shuffling then about on that boundary. iC keeps m. 

on z\\< easterxuaost point it has so far found on R ? * The xarker ro^ is 

movau about on the same boundary of R ?1 and each tine it is moved, vt 

leaves it and scans the tape looking for m. < If m is east or north of 2. f 

Zt ^ucs m. In place of a* and continues to trove ~. n about on the boundary 

of R^, ^E knows that m- is at point p 2 when # has ciov&d 1^ around the boundary 

from <L_ back to til without shifting the position of m..) 

(4) In (!)♦ # placed m. on p, and % on p 2 . Now U compares the outer 
boundaries of R 1 and R* by moving n, on the boundary of R, in unison with 
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nu on the boundary of R^. ( ^ caa tc H when the markers have returned 

to the starting points p. and p.: Each time vi moves the markers, {£ goes 

to (r- ,0, scans for p., and checks whether m. is on p.. If ra. is not 

on p., W continues to move in. and nu on their respective boundaries). 

(5) £C next uses the markers to scan and compare the interior of R. 

with that of R-, ?f does this by moving m, vertically through R, and a 
1 1 ^-2 

in unison through R^. Each move of m is from an outer boundary of 

R, (across ar.y number of inner boundaries) to the next outer boundary of 

S . By completely scanning R and K ?l ££ decides whether or not they are 

alike. To be explicit , suppose m is on an outer boundary point p of R. 

and m. is on the corresponding point T(p) of R~. it moves m south 

through R, until it reaches a boundary point. It drops m. at that point, 

and it drops m. on the corresponding point of R~» Then 3£ determines 

whether m. is on an outer boundary of R. . (it does this by moving along 

the boundary that contains m, , checking at each point whether a shaded 

square lies on the samo row to the east. If a shaded square appears east 

of uach point on that boundary, then m. lies on an inner boundary of R, . 

If a border square appears east of sooe point, then m. lies on the outer 

boundary of R.). If m. is not on the outer boundary, 3* continues the 

scan with o. and nu/ checking whether both regions are alike, until m, 

does get placed on the outer boundary. If m. does lie on the outer boundary 

j. 

of EL, au must be on the outer boundary of R. , because the outer boundaries 
of R* and R- are identical. Finally, 3T shifts n- and eu north and places 
thetz on the first outer boundary point it finds, the ones whence it came. 

(6) 2£ shifts from one point on the boundary to the next adjacent one. 
It is easy to see how ZZ does this. Then V continues at (5). 

By the procedure described above, m. scans all of R. and au 
simultaneously scans all of R^» s0 R i aiu * R 2 are P ro P eriv compared. QED 
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